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Abstract 

On the basis of the deformed series in quantum calculus, we gener- 
alize the partition function and the mass exponent of a multifractal, as 
well as the average of a random variable distributed over self-similar set. 
For the partition function, such expansion is shown to be determined by 
binomial-type combinations of the Tsallis entropies related to manifold 
deformations, while the mass exponent expansion generalizes the known 
relation r q — D q (q — 1). We find equation for set of averages related to 
ordinary, escort, and generalized probabilities in terms of the deformed 
expansion as well. Multifractals related to the Cantor binomial set, ex- 
change currency series, and porous surface condensates are considered as 
examples. 
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1 Introduction 

Fractal conception [1] has become a widespread idea in contemporary science 
(see Refs. [21 El H] for review) . Characteristic feature of fractal sets is known 
to be the self-similarity: if one takes a part of the whole set, it looks like the 
original set after appropriate scaling. Formal basis of the self-similarity is the 
power-law function F ~ I h with the Hurst exponent h (for time series, value F is 
reduced to the fluctuation amplitude and I is the interval size within which this 
amplitude is determined). While the simple case of monofractal is character- 
ized by a single exponent h, a multifractal system is described by a continuous 
spectrum of exponents, singularity spectrum h(q) with argument q being the 



exponent deforming measures of elementary boxes that cover the fractal set 
[5]. On the other hand, the parameter q represents a self-similarity degree of 
a homogeneous function being intrinsic in self-similar systems [6] (in this way, 
within nonextensive thermostatistics, this exponent expresses the escort proba- 
bility Pi oc pi in terms of the original one Pi [5]). In physical applications, a 
key role is played by the partition function Z q ~ £ T W with I as a characteristic 
size of boxes covering multifractal and the exponent r(g) connected with the 
generalized Hurst exponent h(q) by the relation r(q) = qh(q) — 1. 

As fractals are scale invariant sets, it is natural to apply the quantum calculus 
to describe multifractals. Indeed, quantum analysis is based on the Jackson 
derivative 

p a = a^-i = a_ 

that yields variation of a function /(x) with respect to the scaling deformation 
A of its argument [H [10]. First, this idea has been realized in the work [6] 
where support space of multifractal has been proposed to deform by means 
of action of the Jackson derivative ([I]) on the variable x reduced to the size 
£ of covering boxes. In this letter, we use quite different approach wherein 
deformation is applied to the multifractal parameter q itself to vary it by means 
of finite dilatation (A — l)q instead of infinitesimal shift dq. We demonstrate 
below that related description allows one to generalize definitions of the partition 
function, the mass exponent, and the averages of random variables on the basis 
of deformed expansion in power series over difference q — 1. We apply the 
formalism proposed to consideration of multifractals in mathematical physics 
(the Cantor binomial set), econophysics (exchange currency series), and solid 
state physics (porous surface condensates). 



2 Formulation of the problem 

Following the standard scheme jS] [5] , we consider a multifractal set covered by 
elementary boxes i = 1,2, . . . , W with W — > oo. Its properties are known to be 
determined by the partition function 

w 

i=l 

that takes the value Z q = 1 at q = 1, in accordance with the normalization 
condition. Since Pi < 1 for all boxes i, the function Q decreases monotonically 
from maximum magnitude Z q — W related to q = to extreme values Z q ~ j>g Xt 
which are determined in the \q\ — > oo limit by maximum probability p max on the 
positive half-axis q > and minimum magnitude p mm on the negative one. In 
the simplest case of the uniform distribution pi = 1/W fixed by the statistical 
weight W 1, one has the exponential decay Z q — W x ~ q . 

The corner stone of our approach is a generalization of the partition function 
Q by means of introducing a deformation parameter A which defines, together 
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with the self-similarity degree q, a modified partition function Z q reduced to 
the standard form Z q at A = 1. To find the explicit form of the function 
we expand the difference Z q — Z\ into the deformed series over powers of the 



difference q—V. 
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For arbitrary a; and a, the deformed binomial [TO] 

(a + a)i n) = (a: + o)(z + Ao) . • . (x + A™ -1 a) 
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is determined by the coefficients [ T ^] A = [ m ]Jjn- m ] A ! where generalized factori- 
als [n]\\ = [1]a[2]a • • ■ [n]\ are given by the basic deformed numbers 

Wa = ^ t - (5) 

The coefficients of the expansion ^ 

S^ = -( q V$) n Z q \ q=1 , n>l (6) 

are defined by the n-fold action of the Jackson derivative ([!]) on the original 
partition function |2|). 



3 Generalized entropies 

Simple calculations arrive at the explicit expression 



\Z, - 1 



(n) 



s[ n) = - [ ,\ , n >i. (7) 

(A - 1)™ 

Hereafter, we use the functional binomial 

[x t + a]^:=J2 ( U )xt^a n - m (8) 



m=0 



defined with the standard binomial coefficients (^) = m \^- m y. ^ 0T an arbitrary 
function x t — x(t) and a constant a. The definition Q is obviously reduced to 
the Newton binomial for the trivial function x t — t. The most crucial difference 
of the functional binomial from the ordinary one is displayed at a = —1 in the 
limit t — > 0, when all terms of the sum ([8]), apart from the first x t o = xi, are 
proportional to Xtm — » xq to give 

lim[x t -l] (n) = (-!)"(£! -z ). (9) 
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At t = 1, one has [n - l] (n) = 0. 

It is easy to see the set of coefficients Q is expressed in terms of the Tsallis 
entropy [7] 

S A = -£ln A (p0tf = -§£^ (10) 

i 

where the generalized logarithm ha.\(x) — x 1 _ A ~ 1 is used. As the A deformation 
grows, this entropy decreases monotonically taking the Boltzmann-Gibbs form 
S\ = — 'YliiVi m (Pi) at A = 1. Obvious equality 



= »>1 (11) 

(A - 1> 



expresses in explicit form the entropy coefficients Q in terms of the Tsal- 
lis entropy (10) that relates to manifold deformations A m , < m < n. At 
A = when Z = W, the limit {9} gives [5 ] (n) = [Z - l] (n) = (-l)™" 1 ^ - 
1), so that Sq = W — 1 ~ VK. Respectively, in the limit A — > 1 where 
5a — > 5i and [(1 — A)S A ]^ — > (1 — A) n 5™, one obtains the sign-changing val- 
ues s} n) (-l)™"^. Finally, the limit |A| oo where 5 A - A" 1 and 
[(1 — A)5 A ]^ ~ (—1)" is characterized by the sign-changing power asymptotics 
s{ n) ~ (-1)""^-" 



For the uniform distribution when Z\ = W 1 ^*, the dependence (10) is 
characterized by the value Sq ~ W in the limit A < 1 and the asymptotics 
5 A ~ 1/ A at A ^> 1 (in the point A = 1, one obtains the Boltzmann entropy 
Si = \n(WY). As a result, with the A growth along the positive half-axis, the co- 



efficients (|7| decrease from the magnitude S ~ W to the sign-changing values 
s[ n) = (-1)"" 1 [ln(PF)]" and then tend to the asymptotics S { ^ } ~ (-1)™-^""; 
with the |A| growth along the negative half-axis, the coefficients Q vary non- 
monotonic tending to S A ~ — \M~ n at A — > — oo. 

4 Generalized fractal dimensions 

Within pseudo-thermodynamic picture of multifractal sets [5], effective values 
of the free energy r q , the internal energy a, and the entropy / are defined as 
follows: 

q ~ ln{£) ' ~ Hi) ' 1 ~ ln(£) ■ 1 > 

Here, I < 1 stands for a scale, pi and Pi are original and escort probabilities 
connected with the definition 

PM = A = v f- (13) 



Inserting the last equation into the second expression (12), one obtains the 



Legendre transform r q = qa q — f((x q ) where q plays the role of the inverse 
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d-r, 
dq 



temperature and the internal energy is specified with the state equation a q 
[3]- It is easy to convince the escort probability (13) is generated by the mass 
exponent given by the first definition (12) with accounting eq. ([2]): 

dr a 01n(Z,) 



qPi(q) 



OPi 



(14) 



dki(pi) 

Along the line of the generalization proposed, we introduce further a de- 
formed mass exponent r A related to the original one T q according to the condi- 
i tv. By analogy with eq. (u3|, we expand this function into the 



tion T q = lim>_ 
deformed series 



n=i 



of , 



IX 



(15) 



being the generalization of the known relation r 9 = D q (q — 1) connecting the 
mass exponent T q with the multifractal dimension spectrum D q [3j. Similarly 



to eqs. 



6 7b, the coefficients D 



(n) 



D 



in) 



(qV. 



are expressed in the form 



(16) 

should be 



1 1 g=l (A-l)" 

where the use of the definition pi assumes the term with m 
suppressed because t a o =0. At n = 1, the last equation (16) is obviously 
reduced to the ordinary form D^' = r\j (A — 1), while the coefficients with 
n > 1 include terms proportional to T\m to be related to manifold deformations 
A m , 1 < m < n. To this end, the definition (16) yields a hierarchy of the 
multifractal dimension spectra related to multiplying deformations of different 
powers n. 

Making use of the limit ([£]), where the role of a function x± is played by the 
mass exponent t\ with tq = —1 and t\ = 0, gives the value [tq — l]'"' = (— 1)" 
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at the point A = 0, where the coefficients ( 16 ) take the magnitude D 
related to the dimension of the support segment. In the limits A — > ±oo, 
behavior of the mass exponent t\ ~ D c ^ t \ is determined by extreme values D ext 
of the multifractal dimensions which are reduced to the minimum magnitude 
-Dmin = -Doo' ) and the maximum one £> max = -D^L 0- On the other hand, 
in the limits A — > ztoo, the extreme values Z\ ~ p A xt of the partition function 
2l are determined by related probabilities p oxt . As a result, the first definition 
12) gives the mass exponents t\ ~ A hl j^^ - and the coefficients (16) tend to 



the minimum magnitude -Doo 

D (n) „ Mp™) at A ^ _ oc _ 



at A — > oo and the maximum one 



ln(p min 

For the uniform distribution whose partition function is Z\ = 14 7l_A , the 
expression Z>, := ^ Ta gives the fractal dimension D = /^i/?) which tends to 
D = 1 when the size of covering boxes £ goes to the inverse statistical weight 
1/W. Being unique, this dimension relates to a monofractal with the mass 
exponent t\ = D(X — 1) whose insertion into the definition (16) arrives at the 

(n) 

equal coefficients D x = D for all orders n > 1. 
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5 Relations between generalized entropies and 
fractal dimensions 

Since either of the deformed series ^ and ( 15 ) describes a multifractal com- 
pletely, their coefficients should be connected in some way. It is easy to find 



an explicit relation between the first of these coefficients S\ = ln> 



Z A 



and D\ 



ln(Z A ) 



being the Tsallis entropy S\ = and the multifrac 



tal dimension D\ = D 



(1) 



The use of the relation Z\ = 



the connection 



t\ = D\(A — 1), and the Tsallis exponential exp A (a;) = [1 + (1 — \)x] 1 ~ x arrives 
at the expressions 



S x = ln A (W l 



D x = 



In [exp A (S x )] 
\n(W) 



(17) 



where the statistical weight W — l/£ is used. Unfortunately, it is impossible to 
set any closed relation between the coefficients (|7|) and (16) at n > 1. However, 



(18) 



the use of the partition function Zx — W Dx ( A ~ allows us to write 



D 



(n) 



5 (n) = _ 



[£> A (A-l)-l] (n) 
(A-l) n 

r^--Dx(A-l) ilW 



1]' 



(A-l)« ■ < 19 > 

Thus, knowing the first coefficients of expansions ([3| and ( 15 ) connected with 
the relations (17), one can obtain them for arbitrary orders n > 1. 



6 Random variable distributed over a multifra- 
cal set 



Let us consider an observable <f>i distributed over a multifracal set with the 
average (4>)g = i'iPiili A). Related probability is determined by the equation 



<9t a 

XVi(q,X) :=p l + \n(£)p t -^ 



(20) 



that generalizes eq. ( 14 1 for the escort probability due to the A deformation. 
With accounting eqs. (14 - 16), this average can be expressed in terms of the 
deformed series 



= W + L [n ],!( A -l)n fa- 1 ^ 

71— \ ' 



(21) 



where (<j)) = 'Ylii^iVi an d ($)\ = Si^i^(A)- This equation allows one to find 
the mean value ((f)) ^ versus the self-similarity degree q at the A deformation 
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fixed. In the case A = q when definition Hi gives (q - l) q n) = for n>l, the 
equation (21 ) arrives at the connection (</>)T= (4>) Q between mean values related 



to generalized and escort probabilities given by eqs. (201 and (|14|, respectively. 



At the point A = where according to eqs. (^ _[5 ^ (q — = (q — l)q 



21 1 is reduced to identity; here, 



[n] ! - 1 and [A (0) A - l] w -»• (-1)" (0), eq. 
one has the uniform distribution P{(q, 0) = 1/W for an arbitrary pi and the 
average is {<j>)° q = W 1 £\ 4>i- At A = 1 when [((f>) 1 - l] (n) = 0, the equation (21 1 
arrives at the ordinary average (0) = J2i 4>iPi because the distribution Pi(q, I) is 

reduced top,. Setting E^iC" 1 )"" 1 (<£)a» -> (^)oo for A > 1 where (q- 1 )^ ~ 
(-1)™- X (g - l)A n ("- x )/ 2 , [n] x ! - A™ (n-1) / 2 and [ A ^\ _ i](*0 „ A » (0) 



A" 



one 



obtains the simple dependence A (0) = (0) + (g — 1) (0)^, according to which 
the average (<j>) — (<j>) q q tends to the limit (0)^ with the g-growth. 

7 Examples 

To demonstrate the approach developed we consider initially the simplest ex- 
ample of the Cantor binomial set [3]- It is generated by the iV-fold dividing 
of the unit segment into equal parts with elementary lengths I = (1/2) N , then 
each of these is associated with binomially distributed products p m (l — p) N ~ m , 
m = 0, lj. . . , N of probabilities p and 1 — p. In such a case, the partition 
function (|2j) takes the form Z q = [p q + (1 — p) 9 ] to be equal Z q — i Tq with 
the mass exponent r q — ^i~n7^ 13.- Related dependencies of the fractal 



dimension coefficients ( 18 1 on the deformation parameter are depicted in Fig- 



ure [T] for different orders n and probabilities p. As the upper panel shows, at 
the p given the monotonic decay of the fractal dimension being usual 

at n = 1, transforms into the non-monotonic dependencies, whose oscillations 
are the stronger the more the order n is. According to the lower panel, such 
behavior is kept with variation of the p probability, whose growth narrows the 



dimension spectrum. In contrast to the fractal dimensions (18), the entropy co 



efficients ( 19 ) depend on the effective number of particles N. This dependence 



is demonstrated by example of the Tsallis entropy S\ — S^' depicted in Figure 
[2^i: with the deformation growth, this entropy decays the faster the more N 
is (by this, the specific value S\/N remains constant at A = 1). According to 
Figure [2]d, with increase of the order n, the monotonically decaying dependence 
transforms into the non-monotonic one, S{ , whose oscillations grow with 

n. Characteristically, for arbitrary values n and p, the magnitude (being 
equal 2 N for the Cantor binomial set) remains constant. 

As the second example we consider the time series of the currency exchange 
of euro to US dollar in the course of the 2007 - 2009 years which include financial 
crisis (data are taken from website www.fxeuroclub.ru). To ascertain the crisis 
effect we study the time series intervals before (January, 2007 - May, 2008) 
and after crisis (June, 2008 - October, 2009) Q Moreover, we restrict ourselves 

1 The point of the crisis is fixed under condition of maximal value of the time series disper- 
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Figure 1: Fractal dimension coefficients (18) versus deformation of the Cantor 
binomial set at p = 0.2 (a) and n = 2 (b) (curves 1-4 correspond to n = 1, 2, 3, 4 
on the upper panel and p = 0.1, 0.2, 0.3, 0.4 on the lower one). 



by consideration of the coefficients (181 and (19) of the lowest orders n which 



make it possible to visualize a difference between fractal characteristics of the 
time series intervals pointed out. Along this way, we base on the method of 
the multifractal detrended fluctuation analysis |11) to find the mass exponent 
r(q), whose use arrives at the dependencies depicted in Figure [3] Comparison 
of the data taken before and after financial crisis shows that it affects already 
on the fractal dimension coefficient of the lowest order n = 1, but has not an 
effect on the Tsallis entropy related to n = 1, while the entropy coefficient of 
the second order n = 2 is found to be strongly sensible to the crisis. Thus, 
this example demonstrates visually that generalized multifractal characteristics 
elaborated on the basis of the developed formalism allow one to study subtle 
details of self-similarly evolved processes. 

The last example is concerned with macrostructure of condensates which 
have been obtained as result of sputtering of substances in accumulative ion- 
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Figure 2: Effective entropies (19) of the Cantor binomial set at p — 0.2 and: 
a) n = 1 (curves 1-4 correspond to N — 1,4,8, 12); b) N — 10 (curves 1-4 
correspond to n = 1, 2, 3, 4). 



plasma devices [12] . The peculiarity of such a process is that its use has allowed 
to obtain the porous condensates type of those that are shown in Figures [4£i and 
[4j3 for carbon and titanium, respectively. These condensates are seen to have 
apparent fractal macrostructure, whose handling gives the fractal dimension 
spectra and the entropies depicted in Figures [4j: and [4ji, respectively. Com- 
paring these dependencies, we can convince that difference between the carbon 
condensate, which has strongly rugged surface, with the titanium one, becomes 



apparent already at use of the fractal dimension and entropy coefficients ( 18 ) 



(19) related to the lowest order n = 1. Thus, in the case of multifractal objects 



with strongly different structures the use of usual multifractal characteristics is 
appeared to be sufficient. 
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Figure 3: a) Fractal dimension coefficients ( 18 1 at n = 1 for the time series 
of the currency exchange of euro to US dollar; related entropy coefficients ( 19 1 
at n = 1 (b) and n = 2 (c) (bold dots correspond to the time interval before 
financial crisis, circles - after crisis). 
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Figure 4: Scanning electron microscopy images of ex-situ grown carbon (a) and 
titanium (b) condensates; corresponding fractal dimensions (c) and entropies 
(d) at n = 1 (curves 1, 2 relate to carbon and titanium). 



8 Conclusion 



Generalizing the multifractal theory [5] , we have represented the partition func- 
tion (jil, the mass exponent (15), and the average of self-similarly dis- 
tributed random variable as deformed series in power of difference q — 1. Co- 
efficients of these expansions are shown to be determined by the functional 
binomial ([8| that expresses both multifractal dimension spectra ( 18 1 and gen- 
eralized Tsallis entropies ( 19 ) related to manifold deformations. We have found 
cq. (21| for the average related to the generalized probability (20) subject to 



the deformation. Recently, making use of above formalism has allowed us to 
develop a held theory for self-similar statistical systems [13] . 

As examples of multifractal sets in the mathematical physics, objects of 
the solid state physics, and processes in the econophysics, we have applied the 
formalism developed to consideration of the Cantor manifolds, porous surface 
condensates, and exchange currency series, respectively. The study of the Can- 



tor set has shown that both fractal dimension coefficients ( 18 ) and entropies 



11 



(19) coincide with usual multifractal characteristics in the lowest order n — 1, 
but display very complicated behaviour at n > 1. On the contrary, consider- 
ation of both carbon and titanium surface condensates has shown that their 
macrostructures can be characterized by use of usual fractal dimension and en- 
tropy coefficients related to the order n = 1. Much more complicated situation 
takes place in the case of the time series type of currency exchange series. Here, 
a difference between various series is displayed for the fractal dimension coeffi- 
cients already in the lowest order n = 1, but the entropy coefficients coincide 
at n — 1, but become different at n = 2. This example demonstrates the need 
to use generalized multifractal characteristics obtained within framework of the 
formalism developed. 

References 

[I] B.B. Mandelbrot, The fractal geometry of nature, Freeman, San Francisco, 
1982. 

[2] G. Paladin, A. Vulpiani, Phys. Rep. 156 (1987) 147. 

[3] J. Feder, Fractals, Plenum Publishers, New York, 1988. 

[4] D. Sornette, Critical phenomena in natural sciences, Springer, New York, 
2001. 

[5] T.C. Halsey, M.H. Jensen, L.P. Kadanoff, I. Procaccia, B.I. Shraiman, Phys. 
Rev. A 33 (1986) 1141. 

[6] A. Erzan, J.-P. Eckmann, Phys. Rev. Lett. 78 (1997) 3245. 

[7] C. Tsallis, Introduction to nonextensive statistical mechanics - approaching 
a complex world, Springer, New York, 2009. 

[8] C. Beck, F. Schlogl, Thermodynamics of chaotic system, Cambridge Univer- 
sity Press, Cambridge, 1993. 

[9] V. Kac, P. Cheung, Quantum calculus, Springer, New York, 2002. 

[10] G. Gasper, M. Rahman, Basic hypergeometric series, Encyclopedia of 
mathematics and its applications, Cambridge Univeristy Press, Cambridge, 
1990. 

[II] Kantellhardt J.W., Zschiegner S.A., Koscienly-Bunde E., Havlin S., Bunde 
A., Stanley H.E. Physica A 316 (2002) 87. 

[12] Perekrestov V.I., Olcmskoi A.I., Kosminska Yu.O., Mokrenko A. A. Phys. 
Lett. A 373 (2009) 3386. 

[13] Alexander Olemskoi, Irina Shuda, Phys. Lett. A 373 (2009) 4012. 



12 



